Employing the quantal diffusion mechanism for multi-nucleon transfer, the double differential cross-sections are calculated for production of primary projectile-like and target-like fragments in collisions of 136 Xe + 208 Pb system at E c.m. = 514 MeV. Including de-excitation due to neutron emission, the cross-section for production of 210 Po, 222 Rn and 224 Ra isotopes are estimated and compared with data.
I. INTRODUCTION
In recent years there has been a renewed interest for studying multi-nucleon transfer mechanism in dissipative heavyion collisions of massive nuclei at low energies. One of the reasons for these investigations is the possibility of producing heavy neutron rich nuclei by means of multi-nucleon transfer mechanism [1] [2] [3] [4] [5] [6] . The theoretical underpinnings of the multi-nucleon transfer processes are largely based on stochastic mechanisms of uncorrelated nucleon transfer between projectile-like and target-like nuclei during the collision. These theoretical models can be broadly classified into the macroscopic and the microscopic approaches. In the macroscopic approach, macroscopic variables such as the mass and charge asymmetry, the relative distance, and the relative momentum are chosen from physical considerations and the evolution of these macroscopic variables are determined by means of phenomenological Langevin type semi-classical transport equations [7] [8] [9] [10] [11] . The approach involves a number of adjustable parameters which are determined under certain approximations. The time-dependent Hartree-Fock (TDHF) theory provides a microscopic basis for the description of the collision heavy-ion dynamics at low energies [12] [13] [14] . However, TDHF theory has a fundamental limitation: it provides a good description of the most probable path of the collision dynamics including the one-body dissipation, but severely underestimates the fluctuations around the most probably path [13] [14] [15] [16] [17] [18] . It is possible to calculate the dispersion of the mass and charge asymmetry distributions with the particle number projection method of the many-body TDHF wave function [19, 20] . Such an approach may give a reasonable description for a few nucleon transfers in quasi-elastic regime, but not in deep-inelastic and quasi-fission regimes. It is possible to calculate the dispersions of the one-body observables employing the time-dependent random-phase method developed by Balian and Veneroni [21, 22] . This method works well for symmetric collisions but is not applicable to asymmetric collisions [23] [24] [25] [26] .
Recently, an extension of the TDHF approach beyond the mean-field description has been proposed, which is referred to as the stochastic mean-field (SMF) approach [27, 28] . In * ayik@tntech.edu the SMF approach, instead of a single event an ensemble of mean-field events are generated by means of incorporating the fluctuations in the initial state. Alteranately, when di-nuclear structure is maintained during the collision, rather than generating an ensemble of events, it is possible to determine the dynamics of the collision in terms of a few macroscopic variables such as mass and charge asymmetry, and the orbital angular momentum. The choice of the macroscopic variables is similar to the phenomenological approaches, but in the SMF approach it is possible to specify these macroscopic variables in terms of the TDHF single-particle states. The SMF approach gives rise to Langevin type stochastic transport equations for the evolution of these macroscopic variables. Furthermore the transport coefficients are determined by the occupied single-particle wave functions of the TDHF equations. The SMF approach includes the quantal effects due to shell structure and does not involve any adjustable variables other than the parameters of the Skyrme interaction. For the detailed description of the SMF approach and its reductions to macroscopic sub-space, we refer to [29] [30] [31] [32] .
In a recent work, the quantal diffusion description based on the SMF approach was used to investigate nucleon transfer mechanism for the 136 Xe + 208 Pb system at E c.m. = 526 MeV [32] . In the present work, we investigate isotope production mechanism in the same system at slightly lower energy of E c.m. = 514 MeV. In Sec. II, we present calculations of the cross-section as a function of mass number and also the cross-section as a function of proton and neutron numbers in the vicinity of target-like primary fragments. In Sec. III, we present the estimated production cross-section of heavyneutron rich target-like isotopes, 210 Recently, employing quantal diffusion description based on the SMF approach, we calculated the production cross-section σ (A) of the primary fragments in the collisions of 136 Xe + 208 Pb system at E c.m. = 526 MeV. As discussed in Ref. [30] , it is possible to extend this description to calculate cross section, arXiv:1907.13521v1 [nucl-th] 31 Jul 2019 σ (N, Z), of production of the primary fragments as a function of neutron, N, and proton, Z, numbers
where the range of orbital angular momenta (l min , l max ) is specified according to the angular position of detectors in the laboratory frame and the TKE cut-off. Here, P 1,l (N, Z) and P 2,l (N, Z) represent neutron and proton distribution functions for the projectile-like and target-like fragments, respectively and each distribution function is normalized to 0.5, consequently the total probability is normalized to 1.0. The distribution functions have the following correlated Gaussian form,
Here, σ NN (l) and σ ZZ (l) are the dispersions of the neutron and proton distributions for each initial orbital angular momentum l, and the exponent C l (N, Z) for each angular momentum is given by
with the correlation factor ρ l = σ 2 NZ (l)/(σ ZZ (l)σ NN (l)) determined by the ratio of the mixed variance to the product of neutron and proton dispersions. The quantities N l and Z l denote the mean values of the neutron and proton distribution of the projectile-like or the target-like fragments. The projectile-like and target-like primary fragment distribution functions for each angular momentum are specified by five quantities: neutron, proton, and mixed dispersions, and the mean value of neutrons and protons. The mean values of various quantities are determined directly from TDHF calculations. Table I provides, for the collision of 136 Xe + 208 Pb system at E c.m. = 514 MeV, a list of the initial and final values of the mass numbers and proton numbers of projectile-like and target-like fragments, the initial and final angular momentum, the T KE and E * , as well as the scattering angles in the center of mass and laboratory frame over the angular momentum range (l min = 100, l max = 280) at ∆l = 20 intervals. This range is determined by the angular position of the detector in the laboratory frame and the cut-off of E * below 50 MeV.
Neutron, proton and mixed dispersions are determined by solving a set couple differential equations, given by Eqs. (17) (18) (19) in Ref. [30] . The neutron, the proton, and the mixed diffusion coefficients as well as the derivatives of the neutron and the proton drift coefficients provide the input quantities for solving these equations. The expression for the diffusion coefficients are given by Eq. (37) in Ref. [30] . The diffusion coefficients are determined in terms of the single-particle wave functions of the TDHF time evolution. The diffusion coefficients at E c.m. = 514 MeV, which a have similar behavior as those at E c.m. = 526 MeV, have slightly smaller magnitude and shorter contact times due to lower bombarding energy. We can specify the derivatives of the drift coefficients with the help of the mean drift-path in the (N, Z) plane. Symmetric systems and those systems with strong shell effects, on the average, do not exhibit nucleon drift between projectile-like fragments and target-like fragments. In these cases, it is possible to determine the derivative of the drift coefficients by calculating the TDHF evolution of a suitable neighboring system which is driven towards the equilibrium position of the system under investigation. The 136 Xe+ 208 Pb system is an example of such a system. Lead is a doubly closed shell nucleus with neutron and proton numbers are N = 126, Z = 82 and the neutron shell is closed in xenon with N = 82. As a result of strong shell effects the system is located at a local minimum position in the potential energy surface in the (N, Z) plane. As seen from Table I, the system exhibits only a small mass drift on the order one nucleon. With such a small drift, it is not possible to determine the derivatives of the drift coefficients. As illustrated in Fig. 3 of Ref. [32] , we refer to the line in the (N, Z) plane which joins the position of 136 Xe with the position of 208 Pb as the iso-scalar path, and the line perpendicular to the isoscalar path is referred to as the iso-vector path. In the previ-TABLE I. Initial and final values of the mass and proton numbers of projectile-like and target-like fragments, the initial and the final angular momentum, the final T KE and the excitation E * , scattering angles in the center of mass and laboratory frames over the angular momentum range l i = 100 − 280 at ∆l = 20 intervals in the collisions of 136 Xe + 208 Pb at E c.m. = 514 MeV. As discussed in that work, the derivative of the drift coefficients are closely related to the curvature of the potential energy surface at the equilibrium position of 136 Xe (or 208 Pb) along the iso-scalar and iso-vector directions. Since the potential energy surface should not strongly depend on the bombarding energy, we use the same curvature parameters obtained at E c.m. = 526 MeV in the collision at lower bombarding energy of E c.m. = 514 MeV. Furthermore, as a consequence of strong shell effects, the potential energy at the minimum location of 136 Xe (or 208 Pb) in the iso-scalar direction has different curvatures toward symmetry and asymme-try. As a result, the magnitudes of dispersions have slightly larger values in symmetry direction σ Table II illustrates the final values of the neutron variances, proton variances, mixed variances and the variances of the total mass numbers over the range of initial angular momentum (l min = 100, l max = 280) at the end of each ∆l = 20 interval. In Table II , dispersion of the mass distributions toward symmetry and asymmetry directions are determined using the expression σ 2 We can calculate the probability distribution of the primary fragments as function of mass number by integrating Eq. (2) over neutron and proton numbers while keeping the total mass number of the projectile-like and target-like fragments constant. The mass number distributions have Gaussian forms with different dispersions toward symmetry and asymmetry,
and
where A l denotes the mean mass number of the projectilelike or the target-like fragments. We note that the distribution functions do not match at the mean value of the mass number A = A l . The discontinuous behavior of distribution functions at the mean value arises from the discontinuity of the derivatives of the drift coefficients at the location of 136 Xe (or 208 Pb). As discussed in our recent article [32] , it is possible to provide an approximate description of the mass distribution function by smoothly joining the right and left Gauss functions by a middle Gauss function. For this purpose, we determine the left A 0 l (L) and right A 0 l (R) intersection points of the left and right Gauss functions from the condition P
and define the middle Gauss functions as,
The dispersionsσ AA (l) of the middle Gauss functions are determined by requiring the entire distribution is normalized to 0.5 for each orbital angular momentum. This requirement is given by Eq. (34) in Ref. [32] . The last column in Table I shows the dispersionsσ AA (l) of the middle Gauss functions for the range of angular momenta. Also, we note that the dispersion of the middle Gauss functions is approximately equal to the average values of mass dispersions towards the asymmetry and asymmetry directions,σ AA (l) ≈ σ
In a manner similar to Eq. (1), we calculate the cross-section for production of a fragment with mass number A in the collision of 136 Xe + 208 Pb at lower bombarding energy E c.m. = 514 MeV as,
Here, P 1,l (A) and P 2,l (A) denote the probability distribution functions of the projectile-like and the target-like fragments for each initial orbital angular momentum l. Probability distributions are evaluated at ∆l = 20 intervals and smoothly interpolated for integer values of the angular momenta. The distribution functions of the projectile-like fragments and the target-like fragments are determined according to,
. (9) In these expressions A 1l and A 2l denote the mean values of the mass numbers of the projectile-like and target-like fragments. Fig. 1 shows the cross-section in the collision of 136 Xe+ 208 Pb at E c.m. = 514 MeV for production of the primary fragments as function of the mass number A. This figure is very similar to the cross sections given by Fig. 8 in Ref. [32] at slightly higher energy E c.m. = 526 MeV. There is no data provided at E c.m. = 514 MeV collision in Ref. [4] . We note that because of the larger dispersion towards symmetry, the cross-sections are not symmetric around the mean values, but the system has a tendency to diffuse toward the symmetry direction. 136 Xe + 208 Pb at E c.m. = 514 MeV.
B. Mass and charge distributions of primary fragments
Using Eq. (1), we can calculate the production crosssections in the collision of 136 Xe + 208 Pb as functions of neutron and proton numbers of the primary fragments. Because of different neutron, proton and mixed dispersions toward symmetry and asymmetry directions of the iso-scalar path, the distributions functions have discontinuity at the mean positions of the projectile-like and target-like fragments. By extending the one dimensional description for the mass number A distribution discussed in the previous section to two dimensions in the (N, Z)-plane, it is possible to determine a continuous distribution function P l (N, Z) by smoothly joining the right P > l (N, Z) and left P < l (N, Z) distribution functions by a middle distributionP l (N, Z) function for each angular momentum. Here, rather than following this treatment, we employ a simpler description. We determine the smooth distribution function of the projectile-like and target-like fragments approximately by taking the average values of dispersions toward symmetry and asymmetry directions for each initial angular momentum,
(10) Here, the exponentC l (N, Z) for each initial orbital angular momentum is given bȳ
represent the average values of dispersions toward symmetry and asymmetry directions, and N l and Z l denote the mean neutron and proton numbers of the projectile-like or target-like fragments at each initial angular momentum. Employing the expression Eq. (1), we can calculate the cross-sections for producing primary projectilelike and target-like isotopes with mass number A = N + Z with atomic number Z. Figure 2 shows contour plots of production cross-sections for primary target-like nuclei in units of millibarn. Because of the approximate description of the smoothed probability distributions, these cross-sections provide a good approximation for producing heavy isotopes in the neighborhood of the target nucleus. 
III. HEAVY ISOTOPE PRODUCTION IN THE
COLLISIONS OF 136 Xe + 208 Pb
In the collisions of 136 Xe + 208 Pb at E c.m. = 514 MeV the production cross-sections for heavy isotopes 210 Po, 222 Rn and 224 Ra are reported in Ref. [4] . In Fig.3 the measured crosssections are indicated by solid diamond, triangle, and circle for 210 Po, 222 Rn, and 224 Ra, respectively. The primary fragments produced in the collision de-excite by particle emissions, mostly neutrons, and secondary fission of heavy fragments. For an accurate description of the de-excitation processes, we need to have information about the excitation energy and spin angular momentum of the primary fragments. The TDHF calculations presented in Table I give the mean total excitation energy and final total orbital angular momentum of the fragments. For the moment we do not have accurate information about the excitation energy, and division of the excitation energy and the spin angular momentum of the final fragments. Here, we provide an estimate of the isotope cross-sections on the heavy side of the target nucleus in the following manner: It is reasonable to determine the distribution functions of heavy primary isotopes to the right of the target nucleus in terms of the dispersions values toward the asymmetry direction as,
Here the exponent C < l (N, Z) for each initial orbital angular momentum is given by
with ρ
and N 2l , Z 2l indicate the mean values of neutron and proton numbers of the targetlike fragments. Using Eq (1) with the probability distributions (12), we calculate the cross-sections of producing primary isotopes on the heavy side of the target nucleus as,
Solid lines in Fig. 3 show the cross-section for producing primary isotopes Z = 84 (a), Z = 86 (b) and Z = 88 (c) as a function of the mass number. We assume that the heavy neutron rich primary fragments de-excite mainly by neutron emission. We calculate the secondary cross-sections after neutron emission using the same expression by replacing σ
, where ∆N denotes the number of neutrons emitted from the primary fragment with the total number of neutrons ∆N + N. Since we don't have accurate information about the excitation energies of the primary fragments, we do not have accurate information about the numbers of emitted neutrons. For an estimation of the cross-sections, we take a range of emitted neutrons ∆N = 11 − 13 for the polonium isotopes, ∆N = 5 − 8 for the radon and the radium isotopes. These ranges for numbers of emitted neutrons approximately correspond to excitation energies of the primary fragments E * ≈ 100 MeV and E * ≈ 60 MeV with neutron numbers N + ∆N, respectively. From Table I , it is also possible to estimate excitation energies of these heavy primary isotopes which are produced mainly in the angular momentum range of l i = 100 − 220. We can approximately determine the excitation energies of the neutron rich primary, polonium, radon and radium isotopes by taking into account the ground state Q gg -value corrections relative to the entrance channel 136 Xe + 208 Pb and by sharing the excitation energies in proportion to the masses of the binary primary fragments. These estimations are consistent with the excitation energies approximated from the range of emitted neutrons from each primary isotope. The estimated cross-sections of the secondary isotopes are indicated by the gray area in Fig. 3 . Data for the 210 Po, 222 Rn and 224 Ra nuclei, with experimental error bars, are located in the gray area for each isotope. Our estimates of the measure cross-sections are within the range of data.
IV. CONCLUSIONS
Employing the quantal diffusion description based on the SMF approach, we have investigated multi-nucleon transfer mechanism in the collisions of 136 Xe + 208 Pb at E c.m. = 514 MeV. Extending our previous description carried out for the same system at E c.m. = 514 MeV, in additions to the crosssection as a function of the mass numbers, we calculate crosssections for production of the primary isotopes as a functions neutron and proton numbers. Incorporating the de-excitation mechanism by neutron emission in an approximate manner, we provide estimates of the cross-sections for production of the heavy isotopes the 210 Po, 222 Rn and 224 Ra nuclei and compare with data. The estimated cross-sections are within the range of the measured data. We plan to improve the crosssection calculations further by determining the excitation energies of the heavy primary fragments more accurately including the fluctuations of the excitation energy. 
